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Recently, it has been shown that the Hawking temperature is modified in the presence of dark 
energy This was shown for an emergent gravity metric having A:— essence scalar fields <j> with 
a Born-Infeld type lagrangian and with the gravitational metric as Schwarzschild. Here the grav- 
itational metric is taken to be Reissner-Nordstrom (R-N) and the we consider the axisymmet- 
ric case = 0. The corresponding Hawking temperatures of the two horizons are found to be 

j, = hc 3 (l-^ 2 ) 2 ^G 2 M 2 -Q 2 (l~<j, 2 ) 
+ 2irk B (GM+ V / G 2 M 2 -Q 2 (l-<j> 2 )) 2 

^/g 2 m : - 



(GM-y , G 2 M 2 -Q 2 (l~4> 2 )) 2 



and T- 
Here 

axisymmetric scenario, the scalar field 
equations of motion. 



62 is the kinetic energy of the k— essence field <j> and &b is the Boltzmann constant. In the 

(r, i) = 4>i(r) + also satisfies the emergent gravity 



PACS numbers: 98.80.-k ;95.36.+x 



I. INTRODUCTION 

In [l|l it has been shown that the Hawking temper- 
ature [2j is modified in the presence of dark energy. 
In [l[ this was shown for an emergent gravity met- 
ric having k— essence scalar fields <fi with a Born-Infeld 
type lagrangian and with the gravitational metric as 
Schwarzschild. Lagrangian for fc— essence scalar fields 
contain non-canonical kinetic terms. The general form for 
such lagrangians is proportional to F(X) with X = 
\g iivr y v§- Relevant literature for such fields in cos- 
mology, inflation, dark matter, dark energy and strings 
can be found in [3[ . 

The motivation of this work is to calculate the Hawk- 
ing temperature in the presence of dark energy when the 
gravitational metric is Reissner-Nordstrom. The formal- 
ism for emergent gravity used is as described in HJ . 



II. EMERGENT GRAVITY 

The emergent gravity minimal action for background 
metric g„ u is 



Sk[4>,9iJ.A = J d i xy^gL(X,< 



(1) 



The energy momentum tensor is 
2 6S k 



-9 Sg^ 



L x y^u<P-g^L (2) 
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44 and V„ is the co- 



T dL t d L 

-^X — dx , ^XX — -Jx? ' ^<P — d<p alLKX v M 

variant derivative with respect to the metric g^ v . The 
equation of motion is 



]_6Sk 

f=g 5(f) 



2XL x4> -L (j> = Q (3) 



where 



and 1 



2XLj. 



= L x g 
> 0. 



//// 



(4) 



Carrying out the conformal transformation G^ v 



%Gi», with t? B [X, 4>) = {1 + 2X^)~ 1 
the inverse metric of G Ml/ is obtained as 



sound speed, 



G b 



L 



x 



[9^ 



L x 



(5) 



Another conformal transformation G M „ = -f^-G^y gives 



G, 



L 



9^ 



XX 



Lx + 2XLxx 



(6) 



Lx for the sound speed c 2 s to be positive definite and 
only then equations (1) — (4) will be physically meaning- 
ful. This is as as follows. Lx = means that L inde- 
pendent of X so that in equation ([1]), L(X,<f>) = L{<j>). 
Then L becomes pure potential and the very definition of 
A:— essence fields becomes meaningless because such fields 
correspond to lagrangians where kinetic energy domi- 
nates over potential energy. Also the very concept of 
minimal coupling of <j) to g^ v becomes redundant and 
equation {TJ) meaningless and equations (|4]|6]) ambiguous. 

For the non-trivial configurations of <f> , d^4> 7^ and 
G M „ is not conformally equivalent to g^ v . So this <p field 



2 



has properties different from canonical scalar fields de- 
fined with g^y and the local causal structure is also dif- 
ferent from those defined with g^ v . Again, if L is not an 
explicit function of <j) then the equation of motion (3) is 
replaced by ; 



]_5Sk 



= G^VuV^ 







(7) 



We take the Lagrangian as L = L(X) = 1— Vy/l — 2X. 
This is a particular case of the BI lagrangian L(X, <fr) — 
1 - V(0)\/1 - 2X for V((f>) = V = constant and 
V << kinetic energy of <fi i.e.V << (0) 2 . This is typical 
for the A;— essence field where the kinetic energy domi- 
nates over the potential energy. Then c 2 (X, <fi) = 1 — 2X. 
For scalar fields V M = d^cf). Thus © becomes 

GV = 9V _ 9^4>d v (f) (8) 

Note the rationale of using two conformal transforma- 
tions: the first is used to identify the inverse metric G Mi ,, 
while the second realises the mapping onto the metric 
given in (8) for the lagrangian L(X) = 1 — Vyl — 2X. 

Consider the second conformal transformation G^ v = 
■jf-G^y. Following Q the new Christoffel symbols are 
related to the old ones by 

f", = r«„ + (1 - 2X)- 1 / 2 G^[G m d lJ {\ - 2X) 1 ' 2 
+G^0„(1 - 2X) 1 ' 2 - G^d y (l - 2X) 1 ' 2 ] 

T a „, ~ _„ l—— [S£d v X + 62d„X] (9) 



2(1 ~2X)' 



The second term has its origin solely to the k— essence 
lagrangian and this additional term signifies additional 
interactions (forces). The new geodesic equation in terms 
of new Christoffel connections T is 

d 2 r a - dr^ dr u 

^r + r"^^- = o (io) 

dr 2 ^ dr dr K ' 



III. MAPPING ON TO THE 
ROBINS ON-TRAUTMAN TYPE METRIC 

Now take the gravitational metric g^ v to be Reissner- 
Nordstrom, <9o</> = <j>, d r <fi = <fi' . Assuming that the k— 
essence field <f>(r, t) is spherically symmetric one has 

Goo = 5oo - (do<P) 2 = 1 - 2GM/r + Q 2 /r 2 - 2 
Gn = .911 - (d r ^) 2 = -(1 - 2GM/r + Q 2 /r 2 )- 1 - {<j>'f 

G22 = .922 = -r 2 
G33 = .933 = -r 2 sin 2 6 
G i = G10 = -4><j)' 
(11) 

For the R-N metric, g m = (1 - 2GM/r + 
Q 2 /r 2 );g n = -(l-2GM/r+Q 2 /r 2 )- 1 -g 22 = -r 2 ;g 33 = 
-r 2 sin 2 8;g l:i (i ^ j) = 0. 



We now consider the axi- symmetric case, i.e. 8 = 0.. 
Then along 8 = the emergent gravity line element be- 
comes 

ds 2 = (1- 2GM/r + Q 2 /r 2 - tf)dt 2 
-((1 - 2GM/r + Q 2 /r 2 ) -1 + {<P') 2 )dr 2 

-2<j><j)'dtdr (12) 

Making a co-ordinate transformation from (t, r, 8, <p) to 
(u),r,6,(f>) along the symmetry axis, 8 = such that (Q) 



du> = dt — ( 



1 -2GM/r + Q 2 /r 2 - 



(13) 



Then (|T2j) becomes 
ds 2 



(1 - 2GM/r + Q 2 /r 2 - <£ 2 )duj 2 
- I)2 



(l-2GM/r + Q 2 /r 2 -(j> 2 ) 
' b') 2 ]dr 2 



{l-2GM/r + Q 2 /r 2 ) 



(14) 



141) will be a blackhole metric if Goo = G lx , i.e. 

4> 2 = (4>') 2 (l - 2GM/r + Q 2 /r 2 ) 2 



(15) 



Let us assume a solution to ([15]) of the form </>(r, t) 
4>i{r) + <fa{t). Then JTS]) reduces to 
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, 1 ) 2 (l-2GM/r + Q 2 /r 2 ) 2 



K 



(16) 



K(y^ 0) is a constant (K 7^ means k— essence field will 
have non-zero kinetic energy). The solution to (|16|) 



K\r 



cf>(r,t) = Mr) +M*) 
(2G 2 M 2 - Q 2 )ton~ 1 (r— gm) 

V ' ^Q 2 -G 2 M 2 ) 

sjQ 2 - G 2 Mi 
+GMln (Q 2 - 2GMr + r 2 )}+ V~Kt (17) 

' VQ 2 -G 2 M 2 ) 



with <pi(r) = \f~K\r H j= — 

Y W 1 y/Q 2 -G 2 M 2 

+ GMln {Q 2 - 2GMr + r 2 )]; <f> 2 (t) = V~Kt, and we 
have taken an arbitrary integration constant to be zero. 
Therefore the line element (fT4"]l becomes 



ds 2 



1 



(1 



2GM , Q 2 



K)duj 2 
-dr 2 



K) 



(18) 



ds 2 



2GM Q 2 2 
Co h -irjduj 



1 



(19) 
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with (3 = 1 — X.Now going over to the Eddington- 
Finkelstein coordinates (v,r,6,(f)) or (u,r,6,(f>) along 
symmetry axis. 9 = i.e., introducing advanced and re- 
tarded null coordinates 

v = uj + r* ; u = uj — r* 

1 r 2 r 2 
r* = — \r H — — In \r — r + \ — In \r — r_|] 



P r + — r_ 



r + — r_ 



(20) 



with r + = Sf. + ^QM ? _ 

and r_ = ^ - v ^ = f- 

Then the line element (fl9l) becomes 



(21) 



ol- 



ds' 



08- 



2GM 



Q\rl 2 



2dudr 



(22) 

which is analogous to the Robinson- Trautman metric Q 
along the symmetry axis, 8 = where /3 — +1,0, — 1. In 
our case P ^ +1 because then K = (j>\ = 0, i.e. kinetic 
energy of scalar field is zero. This is unacceptable. 

Also note that the solution (f>(r, t) (jTT]) also satisfies the 
emergent gravity equation of motion (0 at r — > oo along 
the symmetry axis, 9 = 0: 
G 00 _d 2 fo + [G 11 ^! - rl&fa)] + G 01 V V^ 
+G 10 ViVo</ 1 = 0. The first term vanish since 4>iit) linear 
in t and second term within third bracket vanish at r — > 
oo because 2ndterm = — \f~KQ 2 r^-2GMr+Q 2 ) 2 anc ^ * nc 
last two terms vanish because G 01 = G 10 = 0. 



IV. THE HAWKING TEMPERATURE 

We use the tunnelling method to calculate the Hawking 
temperature for (f2~Tj) 

A massless particle in a black hole background is de- 
scribed by the Klein-Gordon equation 



h 2 (~G)- 1/2 d^(G^(~G) 1/2 d^) = 0. 
One expands 



* = exp(^S + ...) 



to obtain the leading order in h 

GTdpSdvS = 
Assume S is independent of 9 and </>. Then 



dSdS fn 

2 7T7r + & 
ov or 



2GM Q 2 ,,dS, 2 

+ — hr 

r r z or 



(23) 



(24) 



(25) 



(26) 



The symmetries of the metric permit the action to be 
written as 



S = -Ev + W(r) + J{x l ) 



(27) 



Then 



d v S = -E ; d r S = W ; $5 = J t (28) 



Ji are constants chosen to be zero. Combining equations 
and 



9GM (l 2 

2EW (r) + (p - + \)(W (r)) 2 = (29) 



Thus 



W(r) = 2ni 



E r 2 E r 2 _ 



2-ni- 



p r + — ?*_ P r_ — r + 

= W{r+) + W{rJ) (30) 



The two values of W(r) correspond to the processes that 
the particle tunnels through the outer and inner horizons 
respectively. 
Therefore 



S = -Ev + 2iri 



E r 2 E r 2 _ 



Pr+-r- 



2m- 



P r_ — r+ 



+ J(x l ) 



(31) 



The tunneling rates of the outer and inner horizons are 

r 2 

T+ ~ e -2ImS+ _ e -2ImW(r+) = e 47r f T^TT = ^Tcfr^ 

(32) 



r~ ~ e 



-2/mS- _ e -2ImW{r-) = = p^T^TZ 



(33) 



From these two equations the corresponding Hawking 
temperatures of the two horizons are respectively 



T+ = 



hc 3 (l-<j> 2 2 ) 2 ^G 2 M 2 -Q 2 {l-4> 2 ) 



2nks (GM + JG 2 M 2 -Q 2 (l-4> 2 )) 2 



(34) 



and 



T_ = -- 



Hc 3 (l-<P 2 ) 2 sjG 2 M 2 -Q 2 (l-q> 2 ) 



2nkB (GM - ^G 2 M 2 -Q 2 {l-$,)) 2 

(35) 

V. CONCLUSION 

In this work the Hawking temperature for an emer- 
gent gravity blackhole metric with R-N background has 
been determined in the presence of a dark energy field. 
The value of the Hawking temperature depends strongly 



4 



on the kinetic energy of the dark energy scalar field. In 
reference [l[ the resulting emergent metric had been iden- 
tified with a topological defect Q . In this work there are 
no defects in the spacetime metric. There are two hori- 



zons and hence two Hawking temperatures. As for the 
Reissner-Nordstrom scenario, only one of these temper- 
atures , i.e. that corresponding to the outer horizon is 
observationally relevant. 
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